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We present a hierarchical quantum master equation (HQME) approach, which allows the numer-
ically exact evaluation of higher-order current cumulants in the framework of full counting statistics
for nonequilibrium charge transport in nanosystems. The novel methodology is exemplarily applied
to a model of vibrationally coupled electron transport in a molecular nanojunction. We investigate
the influence of cotunneling on avalanche-like transport, in particular in the nonresonant transport
regime, where we find that inelastic cotunneling acts as trigger process for resonant avalanches. In
this regime, we also demonstrate that the correction to the elastic noise upon opening of the inelastic
transport channel is strongly affected by the nonequilibrium excitation of the vibration as well as
the polaron shift.
In order to characterize and understand electron trans-
port in nanosystems, not only the average current but
also its fluctuations and higher-order cumulants of the
distribution of transferred charge, the so-called full
counting statistics (FCS) [1–3], are of great interest and
can be determined in experiments [4–7]. The higher-
order current cumulants provide important information,
e.g. the study of the current noise (second cumulant) has
allowed the determination of the charge of quasiparticles
in a superconductor [8–10] and quantum Hall systems
[11, 12] as well as of the number and transparency of
transmission channels in nanosystems [13–20].
While the FCS in noninteracting systems is described
by the Levitov-Lesovik formula [3, 21], the theoretical
evaluation of higher-order cumulants is challenging in in-
teracting systems. To this end, different approximate
methods have been applied including master equation
[22–33] and nonequilibrium Green’s function approaches
[31, 34–46], which are either perturbative in nature or
rely on special factorization schemes. Although inter-
esting transport phenomena have been revealed by these
approximate methods, a reliable and quantitative analy-
sis, in particular in systems with strong coupling, requires
the application of methods, which can be systematically
converged, i.e. numerically exact methods. In this con-
text, for example, Cohen and coworkers have computed
the FCS of the nonequilibrium Anderson impurity model
with a quantum Monte-Carlo method [47].
In this paper, the hierarchical quantum master equa-
tion (HQME) approach is extended to the evaluation
of the FCS for nonequilibrium charge transport. The
HQME approach generalizes perturbative master equa-
tion methods by including high-order contributions as
well as non-Markovian memory and allows for the sys-
tematic convergence of the results [48, 49]. The method
(also called hierarchical equation of motion (HEOM) ap-
proach) was originally developed by Tanimura and Kubo
to study relaxation dynamics [50, 51]. Yan and coworkers
have extended it to fermionic charge transport [52, 53].
In this context, they [54–62] as well as Ha¨rtle et al.
[48, 49, 63, 64] have investigated electron-electron inter-
actions. We have recently proposed two formulations to
treat electronic-vibrational interaction with the HQME
approach [65, 66]. To extend the methodology to the
evaluation of current fluctuations within the framework
of FCS, a counting field is added to the HQMEs and the
approach of Flindt et al. [26, 67] is employed in the hier-
archical Liouville space [55, 68] to obtain the higher-order
current cumulants beyond the average current.
We exemplarily apply the novel theoretical methodol-
ogy to study current fluctuations in nanosystems with
strong coupling to mechanical or vibrational degrees of
freedom. This is the case, for example, in single-molecule
junctions [17, 69–71] and suspended carbon nanotubes
[72–74], where strong electronic-vibrational interaction
leads to interesting nonequilibrium transport effects, such
as switching [75], negative differential resistance [76–80],
enhanced current fluctuations [24, 29, 69, 81], decoher-
ence [82, 83], and local heating or cooling [77, 80, 84–
88]. Employing the HQME approach, we investigate the
influence of cotunneling on avalanche-like transport, in
particular in the nonresonant transport regime. In this
regime, we also demonstrate that the sign of the inelas-
tic correction to noise at the opening of the inelastic
transport channel is strongly influenced by the nonequi-
librium vibrational excitation. To be specific, we adopt
in the following the terminology used in the context of
charge transport in molecular junctions. It should be
noted, though, that the methodology is as well applicable
to other nanosystems with strong electronic-vibrational
coupling as mentioned above.
We consider a model for vibrationally coupled electron
transport described by the Hamiltonian H = HS+HSB+
2HB with (~ = 1)
HS =
∑
m
ǫmd
†
mdm +
∑
α
Ωαa
†
αaα
+
∑
m,α
λmαd
†
mdm(a
†
α + aα),
(1)
HSB =
∑
k∈L/R,m(Vkmd
†
mck + h.c.), and HB =∑
k∈L/R ǫkc
†
kck. Having performed a system-bath par-
titioning, the molecular subspace (HS) is considered as
reduced system while the leads form the bath (HB).
The molecule is modeled by a set of electronic levels
with energy ǫm, which are coupled to vibrational modes
with frequencies Ωα via coupling constants λmα and
interact with a continuum of electronic states in the
leads (K = L,R), described by the spectral density
ΓK,mm′(ω) = 2π
∑
k∈K V
∗
kmVkm′δ(ω − ǫk).
To obtain the FCS PR(t, q) in the steady state regime,
the number q of electrons is counted, which has been
collected in the right lead in the time span [0, t]. Based
on a two-point projective measurement scheme [89], the
characteristic function is given by the Fourier transform
with respect to q,
GR(t, χ) =
∑
q
PR(t, q)e
iχq = TrS+B {ρtot(t, χ)} , (2)
where χ is referred to as the counting field and ρtot(t, χ)
denotes the density operator of the overall system dressed
by χ. In the long time limit, the time derivative of
the cumulants CrR(t) = ∂
r/∂(iχ)r lnGR(t, χ) corresponds
to the steady state zero-frequency current cumulants,
〈〈IrR〉〉 = limt→∞ ∂∂t CrR(t). The first two current cu-
mulants are the average current 〈I〉 ≡ 〈〈I1R〉〉 and the
zero-frequency current noise S(ω = 0) ≡ 〈〈I2R〉〉. The
dressed density operator ρtot(t, χ) can be written as [89]
ρtot(t, χ) = Uχ(t, 0)ρtot(0)U
†
−χ(t, 0), (3)
where Uχ(t, 0) = Tˇ exp
(
−i ∫ t0 dτ(HS +HISB,χ(τ))) de-
notes the dressed time-ordered propagator in the bath in-
teraction picture with HISB,χ(t) = e
iHBtHSB,χe
−iHBt. To
add the counting field χ to the Hamiltonian, we apply the
transformation HISB,χ(t) = e
i(χ/2)NRHISB(t)e
−i(χ/2)NR
[89].
Following the standard derivation of the HQME
method [53], the following set of EOMs dressed by the
counting field χ is obtained,
∂
∂t
ρ
(n)
jn···j1
(t;χ) = −
(
iLS +
n∑
r=1
γjr
)
ρ
(n)
jn···j1
(t;χ)
− i
n∑
r=1
(−1)n−r Cjrρ(n−1)jn···jr+1jr−1···j1(t;χ)
− i
∑
K,σ,l
(
A
σ¯
0,K + A
σ¯
1,Ke
−σiχδK,R
)
ρ
(n+1)
(0,K,σ,l)jn···j1
(t;χ)
+ i
∑
K,σ,l
(
A
σ¯
0,Ke
+σiχδK,R + A σ¯1,K
)
ρ
(n+1)
(1,K,σ,l)jn···j1
(t;χ),
(4)
with
C0,K,σ,l ρ
(n)(t;χ) =ηl
∑
m
VK,md
σ
m ρ
(n)(t;χ), (5a)
C1,K,σ,l ρ
(n)(t;χ) =(−)nη∗l ρ(n)(t;χ)
∑
m
VK,md
σ
m, (5b)
A
σ¯
0,K ρ
(n)(t;χ) =
∑
m
VK,md
σ¯
m ρ
(n)(t;χ), (5c)
A
σ¯
1,K ρ
(n)(t;χ) =(−)nρ(n)(t;χ)
∑
m
VK,md
σ¯
m. (5d)
As the forward and the backward propagator in Eq. (3)
carry a different counting-field dependence, the respec-
tive contributions are separated in the HQMEs (4) by
the index f = 0, 1 in the multiindex j = (f,K, σ, l).
Consequently, the ADOs ρ
(n)
jn···j1
(t;χ) fulfill the relation∑
fn···f1=0,1
ρ
(n)
jn,...,j1
= ρ
(n)
pn,...,p1 , where ρ
(n)
pn,...,p1 with p =
(K,σ, l) denote the ADOs of the standard HQME formu-
lation.
The index l originates from the decomposi-
tion of the correlation function of the free bath
CσK,mm′(t) = 〈c˘σKm(t)c˘σ¯Km′(τ)〉B by a sum over exponen-
tials, i.e. CσK,mm′(t) = VKmVKm′
∑lmax
l=0 ηle
−γK,σ,lt,
with the bath coupling operators c˘σKm(t) =
eiHBt
(∑
k∈K V
σ¯
kmc
σ
k
)
e−iHBt. To this end, the spectral
density in the leads is modeled as a single Lorentzian
ΓK,mm′(ω) = 2π
VKmVKm′W
2
(ω−µK)2+W 2
and the Fermi distribu-
tion is approximated by a sum-over-poles scheme, the
so-called Pade decomposition. To mimic the wide-band
limit, the band width is chosen as W = 104 eV.
As the HQMEs (4) are local in time, the recursive
scheme proposed by Flindt et al. [26, 67], which was
originally developed for a lowest-order Markovian ME in
the Liouville space of the reduced system, can be em-
ployed to evaluate the zero-frequency current cumulants.
To this end, the EOMs (4) are represented in matrix-
vector form in the hierarchical Liouville space [55, 68],
|ρ˙(t;χ)〉〉H = LH(χ) |ρ(t;χ)〉〉H where the column vector
|ρ(t;χ)〉〉H contains all ADOs included in the calculation.
Following the recursive scheme of Flindt et al., the first
two zero-frequency current cumulants are expressed by
3〈〈I1R〉〉 = e〈〈0˜|L (1)H |0〉〉 and
〈〈I2R〉〉 =e2〈〈0˜|L (2)H |0〉〉 − 2e2〈〈0˜|L (1)H RL (1)H |0〉〉, (6)
where |0〉〉 ≡ |ρst〉〉 and 〈〈0| ≡ 〈〈1S, 0, . . . , 0| denote
the left and the right eigenvector of LH(χ = 0) with
eigenvalue 0, respectively. Additionally, we have de-
fined L
(r)
H ≡ ∂r/∂(iχ)rLH(χ)|χ=0 and the pseudoinverse
R = QL−1H Q withQ = 1−|0〉〉〈〈0˜|. In case of a noninter-
acting system (λmα = 0), converged results for the cur-
rent (noise) representing a single-particle (two-particle)
observable are obtained by a truncation of the hierarchy
at the second (fourth) tier. Cerrillo et al. have proposed
an alternative HQMEmethod to evaluate the FCS for the
case of energy transfer in the spin-boson model where a
cascade of hierarchies is set up for the moments of the
FCS [90]. This approach could, in principle, be reformu-
lated for fermionic charge transport. However, it cannot
be directly solved for the steady state in contrast to our
approach outlined above. The frequency-dependent cur-
rent noise can be calculated following Ref. 91.
In the following, we apply the methodology to
study current fluctuations in nanojuntions with strong
electronic-vibrational coupling. A particular intriguing
nonequilibrium phenomenon in this parameter regime is
the existence of avalanche-like transport with giant Fano
factors. This was studied previously employing pertur-
bative Markovian rate equations [24, 29]. Here we use
the nonperturbative HQME approach to investigate the
influence of cotunneling on avalanche-like transport. In
order to quantify the noise, the Fano factor is used,
which is defined as the ratio between the actual zero-
frequency noise and the noise of a Poissonian process,
i.e. F = S(0)/e〈I〉.
Fig. 1a depicts the Fano factor-voltage characteristics
for different energies of the renormalized molecular level,
ǫ˜0 = ǫ0 − λ2/Ω, and a set of parameters typical for
molecular junctions weakly coupled to leads, λ/Ω = 3,
Ω = 0.1 eV, T = 100K as well as Γ ≡ ΓL,11 = ΓR,11 =
10−4 eV. In the nonresonant transport regime (Φ < 2ǫ˜0),
the Fano factor-voltage characteristics obtained by the
HQME approach increase with bias voltage until they as-
sume their maximum around eΦ ≈ 2(ǫ˜0−Ω). For higher
bias voltages, they exhibit a stepwise decrease.
In the resonant transport regime (Φ > 2ǫ˜0), the HQME
results are reproduced by Born-Markov (BM) calcula-
tions, which neglect higher-order cotunneling effects. In
a BM picture, electron transport takes place in resonant
avalanches with long waiting times in between. The
detailed structure of these avalanches, which start and
terminate in the vibrational ground state, has been dis-
cussed in Refs. 24 and 29. The corresponding Fano fac-
tor is determined by the average number of electrons in
a such an avalanche [29, 92]. In contrast, in the nonres-
onant transport regime, the accurate HQME approach
predicts significantly smaller Fano factors compared to
the BM method because of the coexistence of resonant
avalanches and elastic or inelastic cotunneling (cf. Fig.
2a,b). The latter processes, which lead to Fano factors
of the order of one, govern the waiting times [24], which
are considerably longer than in the resonant transport
regime because both chemical potentials are below the
Fermi energy.
For ǫ˜0 = 0.5 eV, the Fano factor-voltage characteris-
tics exhibits an oscillatory behavior, which is not cap-
tured by the BM approach. While the bias voltages
where the Fano factor drops agree with the stepwise de-
crease in the BM calculation, the bias voltages where
this observable increases correspond to peaks in the dif-
ferential conductance depicted in Fig. 1b. These peaks
represent a signature of resonant absorption processes
(cf. Fig. 2c) facilitated by the nonequilibrium vibrational
excitation induced by inelastic cotunneling. The combi-
nation of these processes provides a trigger process for
resonant avalanches in the nonresonant transport regime
in addition to the sequential process depicted in Fig. 2d,
which has to be facilitated by thermal broadening. Figs.
1c and 1d, which depict the Fano factor-voltage charac-
teristics for different lead temperatures T and different
molecule-lead coupling strengths Γ, demonstrate that the
resonance corresponding to the onset of these trigger pro-
cesses is shifted to lower bias voltages with increasing
lead temperature T and decreasing molecule-lead cou-
pling Γ. This behavior can be rationalized as follows.
The resonance requires a significant change in the pop-
ulations [93, 94], i.e. the probability for deexcitation by
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FIG. 1. Fano factor (a,c,d) and conductance (b) as a function
of voltage for λ/Ω = 3 and Ω = 0.1 eV. In panels a and b, the
results are shown for T = 100K, Γ = 10−4 eV and different
energies of the molecular level. In contrast, panel c (d) depicts
the Fano factor for ǫ˜0 = 0.5 eV and T = 100K (Γ = 10
−4 eV)
where the molecule-lead coupling Γ (lead temperature T ) is
varied. Solid lines represent the numerically exact HQME
results while dashed lines show approximate BMME results.
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FIG. 2. Illustration of transport processes in the nonreso-
nant transport regime at nonzero temperature of the leads.
In panels (a) and (b), an electron tunnels from the left to
the right lead via virtual occupation of the molecular bridge.
While panel (a) shows an elastic cotunneling process, a simi-
lar inelastic cotunneling process is depicted in panel (b) where
the vibrational mode is excited by a single vibrational quan-
tum of frequency Ω (red wiggly line). In panels (c) and (d),
an electron sequentially tunnels from the left lead onto the
molecular bridge, where the process in panel (c) includes the
deexcitation of the vibrational mode by a single vibrational
quantum and the process in panel (d) is enabled by the ther-
mal broadening of the Fermi distribution.
resonant absorption has to become higher than for exci-
tation by inelastic cotunneling. The different dependence
of these processes on temperature and molecule-lead cou-
pling strength explains the observed behavior. A closer
inspection of Fig. 1d reveals that the width of the peaks
in the Fano factor, that is the distance between the in-
crease and the subsequent decrease of the Fano factor, is
proportional to temperature. Consequently, we can con-
clude that the oscillations are a finite temperature effect,
whereas the Fano factor is supposed to exhibit a stepwise
increase for zero temperature in the nonresonant trans-
port regime.
Another important aspect of vibrationally-coupled
electron transport in nanosystems has been to under-
stand how inelastic effects alter the transport character-
istics, in particular close to the threshold bias voltage
eΦ = Ω [36–39, 41, 95, 96]. In analogy to the current,
the onset of inelastic cotunneling at eΦ = Ω leads to
a negative or positive contribution to the noise, which
is reflected by a positive or negative sign of the second
derivative of noise with respect to bias voltage. As a
representative example, Fig. 3a depicts this observable
for parameters ǫ0 = 3Ω, λ/Ω = 0.6, kBT = 0.0862Ω.
Considering the results obtained by a fourth-tier trunca-
tion of the HQMEs, we find two transitions: The first
one from a positive to a negative contribution between
Γ = 2.25Ω and Γ = 2.5Ω corresponding to a zero-bias
conductance G0V of 0.395 and 0.445 G0, respectively (cf.
Fig. 3b), where G0 denotes the conductance quantum.
The second crossover from a negative to a positive sign
occurs around Γ = 5.5Ω (0.8G0). These transitions can
be rationalized by the competition between one-electron
and coherent two-electron processes, where the former
(latter) always gives a positive (negative) contribution
to the noise [95].
It is important to emphasize, that the crossover does
not only depend on the zero-bias conductance but, in
principle, on all model parameters. This is demonstrated
in the color map in Fig. 4, which depicts the inelas-
tic correction to the noise as a function of zero-bias
conductance and energy of the molecular level obtained
within the HQME approach. To analyze the influence
of the nonequilibrium vibrational excitation, the white
lines mark the transitions between positive and negative
inelastic corrections as obtained by a lowest-order expan-
sion (LOE) in electronic-vibrational coupling, where the
full energy dependence of the model is taken into ac-
count but the vibration is treated in thermal equilibrium
[36]. There are two transition branches ǫ
</>
0,LOE(G
0V) (in-
dicated by solid/dashed white lines). In the limit ǫ0 ≫ Ω,
the crossovers occur at (1/2 ± 1/√2)G0 and thus fol-
low the predictions [36, 37, 95] obtained within the ex-
tended wide-band approximation [38, 96]. While there
is only one transition from negative to positive sign for
ǫ0 = 0.5Ω, the inelastic correction is always positive for
ǫ0 ≤ Ω/(2
√
2). Comparing these LOE results with the
two transition branches obtained by the HQME calcula-
tions (marked as ǫ
</>
0 in Fig. 4), we find that the tran-
sitions are shifted to 0.46G0 and 0.80G0 for ǫ0 = 3.5Ω.
This is a consequence of the nonequilibrium vibrational
excitation. In contrast to the upper transition, the lower
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FIG. 3. Inelastic correction to noise (a) measured by the sec-
ond derivative of the noise with respect to bias voltage for
ǫ0 = 3Ω, λ/Ω = 0.6, eΦ = Ω, kBT = 0.0862 Ω and different
values of the molecule-lead coupling strength Γ. For a better
resolution of inelastic effects, the signal Sel of a noninteracting
single-level model with level energy ǫ0 is subtracted from the
total noise in order to approximately remove the elastic back-
ground. The corresponding zero-bias conductance is depicted
in panel b. All results have been obtained using a truncation
of the hierarchy at the fourth level.
5FIG. 4. Inelastic correction to noise at eΦ = Ω as a function
of zero-bias conductance G0V and energy ǫ0 of the molecular
level. The color map was obtained by a fourth-tier truncation
of the HQME approach for λ/Ω = 0.6 and kBT = 0.0862 Ω.
For comparison, the solid [dashed] white line shows the transi-
tion branch ǫ<
0,LOE(G
0V) [ǫ>
0,LOE(G
0V)] from positive to neg-
ative [negative to positive] inelastic correction obtained on
the basis of a LOE in electronic-vibrational coupling, which
includes the full energy dependence of the model but treats
the vibrational mode in thermal equilibrium [36]. Taking into
account the polaron shift, the prediction of the LOE changes
to the black lines, ǫ
</>
0,LOE(G
0V) → ǫ
</>
0,LOE(G
0V) + λ2/Ω.
transition is not constant for ǫ0 > 3Ω yet but still in-
creases which demonstrates that the limit ǫ0 ≫ Ω where
the extended wide-band approximation applies is not yet
reached for ǫ0 = 3.5Ω in the nonequilibrium case. In this
limit, perturbative calculations of Novotny et al. [39] and
Utsumi et al. [41] predict the crossovers around a zero-
bias conductance of 0.434G0 and 0.816G0. In these stud-
ies, the nonequilibrium vibrational distribution function
was systematically included in the LOE description by a
self-consistent scheme based on the Luttinger-Ward func-
tional [41] or by an infinite resummation of the electron-
hole polarization bubble [38, 39, 97].
Next, we investigate how the transitions are influenced
by the energy renormalization of the molecular level due
to electronic-vibrational coupling, ǫ0 → ǫ0 − λ2/Ω (po-
laron shift). This effect is not included in a LOE descrip-
tion. In the limit of vanishing zero-bias conductance, the
branch ǫ>0 (G
0V) follows the prediction of the LOE for
an equilibrated vibration, whereas the branch ǫ<0 (G
0V)
agrees reasonably well with ǫ<0,LOE(G
0V) + λ2/Ω, which
demonstrates that the polaron shift is completely de-
veloped in this regime. Consequently, a gap opens for
ǫ0 ∈ [Ω/2,Ω] where only one transition occurs. The
branch ǫ>0 (G
0V) increases with rising zero-bias conduc-
tance and even crosses ǫ>0,LOE(G
0V)+λ2/Ω (dashed black
line) for G0V ≈ G0/4. This behavior might also be at-
tributed to the polaron shift which seems to be fully de-
veloped for higher conductance values, whereas it does
not play a role for G0V → 0.
We finally comment on the convergence of the HQME
method. A comparison of different hierarchy truncation
levels n (data not shown) demonstrates that the HQME
results for the conductance and the noise in Fig. 1 are
quantitatively converged already for n = 2. For the data
shown in Figs. 3 and 4, a truncation at n = 4 was used.
For very large couplings Γ, an even higher truncation
would be required to obtain fully quantitative results.
This is to be expected because the second derivative of
the noise is significantly more difficult to converge than
the noise itself or the conductance.
In summary, the HQME method presented here allows
the numerically exact evaluation of current fluctuations
in nonequilibrium nanosystems with strong electronic-
vibrational coupling. The results obtained for a generic
model of vibrationally coupled electron transport in
molecular junctions demonstrate the importance of co-
tunneling effects in the nonresonant transport regime and
show that the transition from positive to negative inelas-
tic corrections to shot noise depend in a non-universal
way on the physical parameters.
While in the present study we have focused on the
study of the zero-frequency noise, the method is formu-
lated in a way that it can also describe higher-order cur-
rent cumulants and the full counting statistics. Further-
more, it can also be applied to models with additional
electron-electron interaction [49] and extended to treat
explicitly time-dependent problems [98].
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